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Abstract

A simple two-point representation of the tokamak scrape-o� layer (SOL), based on the parallel and perpendicular

energy balance equations, has been used to develop heat ¯ux width scalings for a wide variety of v? models in terms of

B/, nsep, q95, PSOL, R and a. These scalings have been tested against databases of SOL parameters established on

COMPASS-D (which exhibits a collisionless SOL), JET Mk IIa divertor and Alcator C-MOD (both of which exhibit

strongly collisional SOLs). The better ®t scalings to the collisionless dataset all show a positive dependence of SOL

width on q95 and an inverse dependence on nsep. Four of the better ®t scalings also show a positive dependence on PSOL

and a strong inverse dependance on B/. In the collisional case a group of 5 models, each with a v? / T 1=2=n dependence,

provide the better ®t scalings to both collisional datasets. The derived scalings exhibit a strong inverse dependence on

PSOL but are independent of B/, unlike scalings derived from the commonly used Bohm di�usion model, and four of the

®ve are also independent of nsep. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In attached divertor scenarios, the width (D) of the

scrape-o� layer (SOL) characterises the impacted target

area and hence power loadings onto material surfaces. It

also plays a role in determining access to the conditions

necessary for advanced divertor concepts, such as radi-

ating and detached divertors.

Pro®les of density and temperature in the mid-plane

SOL, and hence D, are determined by a competition

between transport processes perpendicular and parallel

to the magnetic ®eld. Parallel transport is assumed to be

classical and results from either parallel streaming in the

collisionless case (m� <� 1;where m� � Lk=kmfp; kmfp �
collisional mean free path and Lk � parallel connection

length) or parallel di�usion in the collisional case

�m� � 1�. Perpendicular transport, which may be

anomalous, can be characterised by a cross-®eld thermal

di�usivity v?.

In general, the tokamak SOL is fully three-dimen-

sional and involves a plethora of physical processes.

Sophisticated codes such as B2-EIRENE are needed to

make predictions for the ITER SOL but are hampered

by the lack of a physical basis for v? and its scaling with

plasma parameters.

Several models for v?, including Bohm and Gyro±

Bohm di�usion, were integrated into a simple repre-

sentation of the SOL [1] to develop scalings for D in

terms of the key plasma operating parameters. In this

paper, the work is extended to investigate a much

broader range of models for v?, requiring a greater va-

riety of parameters in the scalings. The scalings, and

hence the applicability of the various v? models, are

tested against experimental databases of SOL parame-

ters established on COMPASS-D, JET and Alcator C-

MOD.
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2. Theory

2.1. Simple SOL model

Power into the SOL PSOL � qkAk � q?A?, where qk;?
are the parallel and perpendicular power densities, Ak is

the projection perpendicular to the ®eld line of an an-

nulus width Dh at the outboard mid-plane and A? is the

surface area of the plasma boundary. Dh is the SOL heat

¯ux width.

Ak � 2p�R� a�Dh sin�a�, where a is the ®eld line an-

gle, R and a are the major and minor radii respectively.

In the large aspect ratio (LAR) circular approximation,

a� R and, sin�a� � Bp=B, where Bp and B are the

poloidal and total ®elds respectively. Thus

Ak � 2pRDhBp=B. Also, in the LAR circular approxi-

mation A? � 2pR � 2pa � 4p2Ra.

Now q? � ÿnv?r?T . The perpendicular tempera-

ture gradient r?T � ÿTb=DT , where Tb is the mid-plane

separatrix temperature and DT is the average tempera-

ture gradient length (assumed / Dh). Thus,

nv?
Tb

DT
� PSOL

4p2Ra
: �1�

Similarly qk � ÿkkrkT , where kk is the parallel heat

conductivity and is expressed as nvk to be consistent with

the perpendicular case. Thus,

ÿ nvkrkT �
B
Bp

PSOL

2pRDh

: �2�

For classical parallel transport and in the case

of a collisionless SOL, parallel streaming gives

vk / Lkmth / LkT 1=2, where Lk is the parallel connection

length (which is assumed / Rq95, a LAR approxima-

tion). In the collisional case, parallel di�usion gives

vk / keemth / T 5=2=n.

From micro-turbulence arguments the cross-®eld

di�usion coe�cient is conveniently modelled as

v? � v?0
T a=Lc

p;T ;n; �3�
where v?0

/ ndqlRmarBq and Lp, LT and Ln are the var-

ious perpendicular gradient lengths contained in some of

the theoretical expressions for v?.

Making the LAR assumption Bp � aB=Rq and the

simplifying assumption rkT � T=Lk with Eq. (1) and

Eq. (2) yields the simple relation D2
h / L2

kv?=vk. This

becomes

Dh /
���������������������
v?Lk=T 1=2

q
�4�

for a collisionless SOL and

Dh / Lk
������������������
v?n=T 5=2

q
�5�

in the collisional case.

Eqs. (4) and (5) are used to determine Lp;T ;n�� Dp;T ;n

/ Dh� in a self-consistent fashion. Although parallel

particle transport takes place at the sound speed, Ln is

assumed to be governed by Eq. (4) only for a colli-

sionless SOL, in which LT and Lp are governed by the

same equation. In the collisional case strong recycling at

the divertor is assumed to result in comparable Ln, LT

and Lp, governed by Eq. (5).

2.2. SOL width scalings

Twenty-one models for v? have been considered [2],

including those based on the e�ects of resistivity on

ballooning and interchange modes, drift turbulence,

temperature gradient instabilities and so on. The pro-

cedures detailed above were used to obtain scalings for

Dh in terms of B�B/�; q�q95�; R; a; P �PSOL� and n(nsep,

the upstream separatrix density) for each v? model (in

the collisional SOL case, ®ve of the v? models gave rise

to two separate scalings as a result of two possible

choices for the associated perpendicular gradient

length). In addition, and for completeness, three SOL

models which estimate the width directly were also

considered [2]. Thus twenty-four collisionless and

twenty-nine collisional scalings were derived.

3. Experiment

3.1. SOL width databases

3.1.1. COMPASS-D

A detailed study of the variation of SOL heat ¯ux

width, Dh, with plasma parameters has been made in

single-null divertor plasmas on the COMPASS-D to-

kamak. A database has been established of Dh against

axial toroidal ®eld B/; q95; R; minor radius a, power

¯owing into the SOL PSOL and electron density at the

separatrix nsep. Dh values were evaluated using mea-

surements from three diagnostics: an array of domed

Langmuir probes across the strike point region in one of

the divertor tiles, a fast reciprocating triple probe at the

top of the vessel and HELIOS [3], a newly installed di-

agnostic which gives local ne and Te values at the mid-

plane from helium line ratios (Fig. 1). Data from the

probe systems were mapped to the mid-plane assuming

pressure balance along ¯ux tubes, a reasonable as-

sumption since collisionality in the COMPASS-D SOL

ranges from 0:2 < m� < 3 (i.e. broadly collisionless) and

the SOL does not exhibit detachment from the strike-

points.

In order to provide extensive testing of the SOL

width scalings, the widest possible range of parameters

was explored. Eighty four measurements are so far in-

cluded with 1:6� 1018 mÿ3 < nsep < 1:6� 1019 mÿ3;
0:08 MW < PSOL < 0:7 MW; 0:8 T < B/ < 2:1 T and

3 < q95 < 14. R and a are essentially ®xed at � 0.57 m

and � 0.17 m, respectively, by the geometry of the
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COMPASS-D vessel. Both Ohmic and ECRH heated

plasmas were investigated but no H-mode data are

currently included in the database.

3.1.2. JET

A database of upstream values for Dh has been

formed for JET operation with the Mk IIa divertor

con®guration [4]. Upstream values are obtained by

mapping from measurements made at the divertor target

using an array of Langmuir probes across the strike

point region. Since JET exhibits a collisional SOL

�20 < m� < 180�, the mapping is non-trivial and uses the

DIVIMP/NIMBUS onion-skin model with benchmark-

ing under suitable conditions against the reciprocating

probe.

The JET database currently includes twenty four

Ohmic, L-mode (NBI heated) and H-mode shots span-

ning 3.5 ´ 1018 mÿ3 < nsep < 3.9 ´ 1019 mÿ3, 0.4 MW

< PSOL < 15.8 MW, 1 T < B/ < 3.5 T, 2.4 < q95 < 4.3

and with R and a � 3 m and � 1 m respectively.

3.1.3. Alcator C-MOD

The extreme nature of the Alcator C-MOD SOL, at

twice the toroidal ®eld of most other machines and with

up to an order of magnitude higher separatrix densities,

makes it invaluable for extending the testing of Dh sca-

lings. For a small machine, the SOL is highly collisional

�22 < m� < 370�, which allows for scalings with R and a

to be tested by comparison with larger, collisional SOL

devices such as JET.

A database of edge parameters on Alcator C-MOD

has been formed which currently includes 76 Ohmic

shots [5,6]. Upstream densities and temperatures across

the SOL were obtained with high spatial resolution

using a fast reciprocating in an upstream location. The

database provides eight measurements of SOL parame-

ters (including local values for the connection length)

across a 10 mm radial section of the SOL.

There is a substantial radial variation of the calcu-

lated scale-lengths in the Alcator C-MOD database.

Although a radial variation in Dh is often seen in other

tokamak SOLs, it usually only occurs far out into the

SOL and is sometimes identi®ed with a change in the

dominant heat transfer mechanism from conduction to

convection. In Alcator C-MOD, the radial variation is

continuous throughout the SOL. Close to the separatrix

the values of Dh (that is, the local 1/e width) are typically

1±2 mm, very much narrower than in, for instance, JET

or COMPASS-D. However, the local scale-length

gradually increases and, within only 5±10 mm, the local

value of Dh typically rises to 1 cm.

The separatrix values, which are most often quoted

[5,6], do not alone provide a particularly good dataset

for testing the SOL width scalings as the key para-

meters span a relatively narrow range (5.7 ´ 1019 mÿ3

< nsep < 1.8 ´ 1020 mÿ3, 0.4 MW < PSOL < 1.2 MW,

2.8 T < B/ < 7.9 T and 3.3 q95 < 5.1). However, the

high radial resolution of parameters provided in the

dataset allows, with some assumptions, each of the eight

local measurements for each entry to be used.

In practice, we treat the ¯ux tube at each of the radial

measurements as an individual SOL. The local density

and heat ¯ux scale-length are used in place of nsep and

Dh. The local connection length divided by 2pR is used

to calculate a local qlocal, in place of q95. Lastly, the

power ¯ow into the ¯ux tube is estimated by a simpli®ed

onion skin model (Pn�1 � Pn ÿ
R rnÿ1

rn
Pneÿr=kPn dr, where Pn

is the power ¯ow into the nth ¯ux tube and is equal to

PSOL at the separatrix. kPn is the local heat ¯ux scale-

length in the nth ¯ux tube). With these assumptions the

parameter range is greatly enhanced to 1.3 ´ 1019 mÿ3

< n < 1.8 ´ 1020 mÿ3, 0.01 MW < P < 1.2 MW,

2.8 T < B/ < 7.9 T and 3.3 < qlocal < 19.5, with R and

a � 0.67 m and � 0.21 m respectively. Forty-nine of the

Alcator C-MOD database entries are suitable for this

analysis, yielding 392 values.

The range of parameters accessed by the COMPASS-

D, JET Mk IIa divertor and Alcator C-MOD SOL da-

tabases is summarised in Table 1.

4. Scaling tests

Many attempts have been made in the past to extract

trends and relationships from SOL databases. These

analyses are usually performed using multivariate ®tting

algorithms between two or more SOL parameters. Al-

though they can provide helpful information, and may

Fig. 1. Schematic showing SOL diagnostics available on the

COMPASS-D tokamak. These include an array of target

probes, a reciprocating probe at the top of the vessel and the

newly installed HELIOS He line ratio diagnostic at the mid-

plane.
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be useful for extrapolation, they su�er from the funda-

mental problem of collinearity between parameters. For

instance, local densities, temperatures and heat ¯uxes

may be inextricably linked (on JET, the upstream values

of density and temperature are, in fact, found to be

linearly related [7]) as are, of course, parameters such as

B/, q95 and IP . These, and many other collinearities,

mean that any scalings detected by multivariate ®ts to

data are likely to contain parameter indices which are

not directly related to the underlying physics.

The scaling tests performed here are a fundamentally

di�erent approach. In this work, the physics has been

used a priori to derive the scalings, which thus implicitly

and correctly include the e�ect of collinearities. The

scalings can then be compared for their ability to ®t the

data in order to investigate possible underlying physical

processes.

4.1. Method of evaluation

A simple quality of ®t parameter, such as the Pearson

R2 value, is inappropriate to rank the scalings for several

reasons. Firstly, there is no provision for an o�set in the

scalings, Dh / f �B/;R; a; PSOL; nsep�. The ®t must there-

fore be constrained to pass through the origin. Secondly,

any ranking must account for experimental errors, not

only in the measured SOL width but also in the mea-

surement of plasma parameters used in the scalings.

Thirdly, some account must be made for grouping of the

data in parameter space. That is, to account for the fact

that much of the experimental data often lies within

relatively narrow parameter ranges.

Realistic errors have been assigned to each of the

`independent' variables B/, q95, R, a, nsep and PSOL, as

well as the `dependent' variable, Dh. Fig. 2 shows a plot

of measured and scaled Dh values for COMPASS-D

data with a typical (but poorly ®tting) model. Shown on

the ®gure are the error ellipses which represent one

standard deviation from each data point (the result of

error bars in both the dependent and independent vari-

ables), together with a best-®t line to the data.

The best-®t line was determined from a minimisation

of a quality of ®t parameter, e, which is essentially the

sum of the number of standard deviations of each point

away from the line (the number of standard deviations

until the error ellipse just touches the line). e is analo-

gous to the usual minimisation parameter for a least

squares ®t with errors in the dependant variable. In

addition, in order to account for grouping of the data in

parameter space, each point is weighted by 1=
������������������
nneighbours
p

,

where nneighbours is the number of nearest neighbours

(those within one standard deviation of the whole data

set). The best-®t line cannot be evaluated algebraically

and was determined by a binomial search algorithm.

4.2. Collisionless SOL

Twenty-four collisionless scalings for Dh were tested

against data from the COMPASS-D database.

Fig. 3 shows the value of e (normalised to 1.0 for the

worst model) for the COMPASS-D data for each of the

models tested (labelled A±Q). There are two clear groups

of models, one with low e and the other with high e.

Fig. 2. Plot of typical (but poorly ®tting) scaling against mea-

sured Dh for COMPASS-D data showing error ellipses and the

calculated best-®t line (long dash) together with the simple least

squares ®t line (short dash).

Table 1

Summary of parameters encountered in the COMPASS-D, JET and Alcator C-MOD (separatrix only and across the SOL values)

databases

COMPASS-D JET Mk II Alcator C-MOD

Sep. Only All SOL

m� 0.2±3 20±180 22±370 22±370

nsep (1018 mÿ3) 1.6±16 3.5±39 57±180 13±180

PSOL (MW) 0.09±0.7 0.4±15.8 0.4±1.2 0.01±1.2

q95 3±14 2.4±4.3 3.3±5.1 3.3±19.5

B/ (T) 0.8±2.1 1±3.5 2.8±7.9 2.8±7.9

R (m) 0.57 3 0.67 0.67

a (m) 0.17 1 0.21 0.21
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Models B1/B2 (which lead to identical scalings and are

thus indistinguishable) stand out, followed by models J,

P and N. A similar ranking was provided for an earlier

version of the COMPASS-D database [2], in which

model J provided the best ®t, followed by models D/O

(also indistinguishable) and B1/B2. However, the earlier

database included few points at high values of q95/nsep.

When this region of parameter space is ®lled, it is seen

that models D/O no longer provide good scalings.

Fig. 4 shows the COMPASS-D data against the

scaling for models B1/B2. The scaling takes the form

Dh / Bÿ6=11
/ q8=11

95 R3=11aÿ2=11P 2=11
SOL nÿ2=11

sep and derives from a

model for D?�� v?� based on the e�ects of sheath re-

sistance on the ideal MHD interchange mode [2] yielding

v? / qT 3=2=B2Lp.

The second best scaling, that for model J, has the

simpler form Dh / q1=3
95 R1=3nÿ1=3

sep deriving from a model

for D? based on the e�ect of collisionless skin depth on

drift wave transport [2] yielding v? / T 1=2=nLn.

All the better ®tting scalings, including that for

model N (the ubiquitous Bohm transport model,

v? / T=B), exhibit a positive dependence on q95 and an

inverse dependence on nsep. Four of these scalings also

show a positive dependence on PSOL and a strong inverse

dependence on B/.

4.3. Collisional SOL

Figs. 5 and 6 show the value of e for JET Mk IIa

divertor and Alcator C-MOD SOL data for 29 colli-

sional Dh scalings. As in the collisionless case, there are

two clear groups of models, one with low e and the other

with high e. Those developed for models D/O (which

lead to identical scalings and are thus indistinguishable),

J3, M, Q and J provide notably better ®ts to the Alcator

C-MOD data and ®ve of these, models D/O, J, J3 and

Fig. 4. Plot of COMPASS-D (collisionless SOL) data against

the best ®t scaling, Dh / Bÿ6=11
/ q8=11

95 R3=11aÿ2=11P 2=11
SOL nÿ2=11

sep which

derives from a v? model based on the e�ects of sheath resistance

on the ideal MHD interchange mode.

Fig. 5. Ranking of the 29 scalings tested against Alcator C-

MOD (collisional SOL) data, according to the normalised value

of the quality of ®t parameter, e (best model has lowest value

of e).

Fig. 3. Ranking of the 24 scalings tested against COMPASS-D

(collisionless SOL) data, according to the normalised value of

the quality of ®t parameter, e (best model has lowest value of e).
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M, also provide (albeit in a di�erent ordering) the better

®ts to the JET data.

Fig. 7 shows the Alcator C-MOD data against the

scaling for models D/O whilst Fig. 8 shows the JET data

for model M, respectively the best-®t models for each

device. The collisional scalings for models D/O take the

form Dh / qÿ1=10
95 R3=10a2=5Pÿ2=5

SOL . Model D is based on the

e�ects of sheath resistance on interchange modes near a

critical value of b, whilst model O uses the collisionless

skin-depth as the step-length in a random walk argu-

ment [2]. Both yield a perpendicular di�usion coe�cient

of the form v? / T 1=2=nRq.

The collisional scaling for model M, which assumes

that perpendicular transport arises from charge ex-

change collisions yielding v? / T 1=2=n, has a similar

form Dh / q3=5
95 Ra2=5Pÿ2=5

SOL . Model J relates perpendicular

di�usion to the di�erential motion of the plasma and

magnetic surfaces, which becomes signi®cant when the

collisional skin depth is comparable to the ¯uctuation

scale length yielding v? / T 1=2=n.

All the better ®tting collisional scalings exhibit a

strong inverse dependence on PSOL but are independent

of B/, unlike scalings derived from the commonly used

Bohm di�usion model, and four of the ®ve are also in-

dependent of nsep. The associated perpendicular di�usion

coe�cients all have a v? / T 1=2=n dependence (see Ta-

ble 3).

Fig. 7. Plot of Alcator C-MOD (collisional SOL) data against

the best ®t scaling, Dh / qÿ1=10
95 R3=10a2=5Pÿ2=5

SOL which derives from

a v? model based on the e�ects of sheath resistance on inter-

change modes near a critical value of b.

Fig. 8. Plot of JET (collisional SOL) data against the best ®t

scaling, Dh / q3=5
95 Ra2=5Pÿ2=5

SOL which derives from a v? model

which assumes that perpendicular transport arises from charge

exchange collisions.

Table 2

Extrapolation of simple zero-dimensional model scalings to

ITER mid-plane SOL width (values are prone to a large (factor

2) uncertainty)

Database used D/O (mm) J (mm) J3 (mm) M (mm)

Alcator C-MOD 1.5 4.3 3.5 5.1

JET Mk IIa 1.8 3.4 3.6 3.2

Fig. 6. Ranking of the 29 scalings tested against JET (colli-

sional SOL) data, according to the normalised value of the

quality of ®t parameter, e (best model has lowest value of e).
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5. Extrapolations to ITER

Great care must be exercised when applying extrap-

olations from these, or any other, scalings to future

devices. A scaling may provide a good ®t to data by

chance and not because the underlying physics is correct

(although this becomes less likely as the range of pa-

rameters against which they are tested becomes large

enough). Even if the physics is correct for the tokamaks

against which the scalings are compared, di�erent

physics may come into play on other devices. In addi-

tion, the measurement of Dh is prone to signi®cant ex-

perimental error, as is the measurement of several

parameters used in the scalings (such as PSOL, which is

estimated from the total input power and the radiated

power fraction, neither of which is usually known with

great accuracy).

With these caveats in mind, estimates for the mid-

plane heat ¯ux width on ITER (which will have a

collisional SOL) are presented in Table 2 for each of

the ®ve better ®t collisional scalings and, separately, for

each database against which the scalings were tested.

The slope of the best-®t line in each case (e.g., that

shown on Figs. 7 and 8 etc.) was used to determine the

associated coe�cient of proportionality. Typical pro-

posed ITER operating values [B/ (5.7 T), nsep (5 ´ 1019

mÿ3), q95 (3), PSOL (100 MW), R (8 m) and a (3 m)]

were then entered in the scalings to derive an estimate

for Dh.

Since none of the better collisional scalings is de-

pendent on B/ or nsep, the extrapolation is thus domi-

nated by the high value of PSOL in ITER (10 times that

on JET and 100 times that on Alcator C-MOD). The

estimates are thus likely to be subject to signi®cant er-

rors, perhaps by a factor 2. Nevertheless, this simple

zero-dimensional model for Dh seems to indicate rather

narrow SOL widths of around 5 mm or less at the mid-

plane.

6. Conclusions

Table 3 summarises the better ®t scalings for the

collisionless and collisional SOL cases, together with the

associated v? model and a brief description of the

physics basis for each of the models. A fuller explana-

tion is provided in [2]. The better ®t scalings to the

collisionless dataset show a positive dependence on q95

and an inverse dependence on nsep. Four of these scalings

also show a positive dependence on PSOL and a strong

inverse dependence on B/. In the collisional case the

better scalings exhibit a strong inverse dependence on

PSOL but are independent of B/, unlike scalings derived

from the commonly used Bohm di�usion model, and

four of the ®ve are also independent of nsep.

Extrapolations from this simple zero-dimensional

model for Dh to ITER using the better collisional sca-

lings indicate a narrow (<5 mm) mid-plane SOL heat

¯ux width but may be subject to a large (factor of 2)

uncertainty.
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Table 3

Better ®tting Dh scalings for the collisionless and collisional SOL cases, together with the associated v? model and a brief description of

the physics basis for each of the models

Model v? scaling Physics basis Dh scaling

Collisionless SOL

B1 v? / qT 3=2=B2Lp Endplate MHD interchange, r? � Lp Dh / Bÿ6=11
/ q8=11

95 R3=11aÿ2=11P 2=11
SOL nÿ2=11

sep

B2 v? / qT 3=2=B2Ln Endplate MHD interchange, r? � LT Dh / Bÿ6=11
/ q8=11

95 R3=11aÿ2=11P 2=11
SOL nÿ2=11

sep

J v? / T 1=2=nLn Drift with collisionless skin depth, Ln / LT Dh / q1=3
95 R1=3nÿ1=3

sep

P ÿ Simple dimensional estimate Dh / Bÿ3=7
/ q4=7

95 R3=7aÿ1=7P 1=7
SOLnÿ1=7

sep

N v? / T=B Bohm Dh / Bÿ3=7
/ q4=7

95 R3=7aÿ1=7P 1=7
SOLnÿ1=7

sep

Collisional SOL

D v? / T 1=2=nqR Collisionless MHD interchange near bcrit Dh / qÿ1=10
95 R3=10a2=5Pÿ2=5

SOL

O v? / T 1=2=nqR Collisionless skin depth Dh / qÿ1=10
95 R3=10a2=5Pÿ2=5

SOL

J v? / T 1=2=nLn Drift with collisionless skin depth, Ln / LT Dh / q6=17
95 R10=17a4=17Pÿ4=17

SOL

J3 v? / qT 1=2=nLn Drift with collisionless skin depth, Ln 6� LT Dh / q11=30
95 R23=30a2=5Pÿ2=5

SOL n7=30
sep

M v? / T 1=2=n Charge-exchange Dh / qÿ3=5
95 Ra2=5Pÿ2=5

SOL
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